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SUMMARY

In this article we are concerned with an extension of the lattice-Boltzmann method for the numeri-
cal simulation of three-dimensional electroosmotic flow problems in porous media. Our description is
evaluated using simple geometries as those encountered in open-channel microfluidic devices. In par-
ticular, we consider electroosmosis in straight cylindrical capillaries with a (non)uniform zeta-potential
distribution for ratios of the capillary inner radius to the thickness of the electrical double layer from
10 to 100. The general case of heterogeneous zeta-potential distributions at the surface of a capillary
requires solution of the following coupled equations in three dimensions: Navier—Stokes equation for
liquid flow, Poisson equation for electrical potential distribution, and the Nernst—Planck equation for
distribution of ionic species. The hydrodynamic problem has been treated with high efficiency by code
parallelization through the lattice-Boltzmann method. For validation velocity fields were simulated in
several microcapillary systems and good agreement with results predicted either theoretically or obtained
by alternative numerical methods could be established. Results are also discussed with respect to the
use of a slip boundary condition for the velocity field at the surface. Copyright © 2004 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Rapid recent developments in design, patterning, and utilization of microfluidic devices (valves,
pumps, mixers, reactors, sensors and actuators, or three-dimensional channel networks) have
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found many applications in the devised bulk transport and separation, identification, synthesis,
and manipulation of a wide range of chemical and biological species [1-6]. It is an advance-
ment that becomes particularly important for the lab-on-a-chip concept [7] where transport
processes including the efficient mixing of micro- and nanoliter liquid volumes, the con-
trol and enhancement of reaction rates, heat and mass transfer, as well as the selectivity of
chromatographic separations occur on much smaller time and length scales than traditional
engineering technologies. With channel diameters from several to a few hundred micrometers
(inherently placing microfluidics into the low-Reynolds number hydrodynamics regime) and
channel lengths approaching centimeter dimension, these systems permit a miniaturization of
chemical processes and large-scale integration of engineering principles, allowing fast response
times at low operational costs [6].

Concerning the bulk transport of liquid through a microfluidic channel electroosmosis can
offer distinct advantages over pressure-driven flow. Electroosmotic flow (EOF) is generated
by interaction of an externally applied electrical field with that part of the electrolyte solution
that has become locally charged at the interface to the stationary and oppositely charged solid
surface of the confining porous medium [8,9]. The extension into the bulk solution of the
fluid-side domain of this electrical double layer can be as small as a few nanometers compared
to a channel diameter of micrometer dimension, a fact that has some important consequences
for the EOF dynamics under these conditions [10]. First, from a macroscopic point of view,
bulk liquid moves as in plug flow, i.e. the velocity apparently slips at the wall, which is in
contrast to the parabolic velocity profile typical for Poiseuille flow. Second, because the ratio
of electroosmotic to hydraulic volumetric flow rates (at fixed potential and pressure gradient) is
inversely proportional to the squared channel diameter, the EOF becomes increasingly effective
in liquid transport through the finer channels as their size is reduced. Thus the benefit of using
EOF is that chemical and biological species may be easily transported in microfluidic devices
over comparatively long distances with negligible mass transfer resistance. Hydrodynamic
dispersion can then be limited almost to that by longitudinal diffusion alone which has been
demonstrated experimentally [11, 12].

Stimulated by the enormous potential and accompanying need for a far more detailed char-
acterization of the electrokinetically driven mass transport in microfabricated (or microchip)
devices, numerical simulation of EOF in microfluidic channels has received increased at-
tention over the past few years [13-28]. These investigations have revealed that, in good
agreement with available experimental data, the transport characteristics of the EOF in mi-
crochannels clearly depend on the properties of the working fluid and the geometrical (and
physico-chemical) parameters of the surface. For example, the work of Griffiths and Nilson
[16] which is based on a direct solution of the governing transport equations demonstrates
that, over a wide range of conditions, the longitudinal dispersion coefficient of a neutral,
non-reacting solute in EOF may be many orders of magnitude smaller than for the parabolic
or nearly so velocity distribution in pressure-driven flow. Ermakov ef al. [15] used a 2D
code to address the electrokinetic species transport with respect to some basic microfluidic
elements. They considered the sample focusing in a channel cross and sample mixing at a
T-junction. Patankar and Hu [14] carried out 3D flow field simulations to investigate EOF
behaviour at a channel cross, while Bianchi et al. [17] used finite element-based simulations
to describe flow division at a decoupling T-junction, encountering combined electroosmotic
and pressure-driven flows. Fu et al. [25] presented a physical model and numerical method
for studying geometrical effects on the performance of electrophoresis microchips. Erickson
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and Li [27] utilized 3D finite element-based numerical simulations to resolve the influence of
a heterogeneous surface charge distribution on local flow circulation in the bulk liquid under
the aspect of sample mixing in a T-shaped micromixer. While these numerical approaches
provide valuable insight into flow behaviour in relatively simple channel geometries, tradi-
tional computational fluid dynamics can face drawbacks if higher code flexibility is required,
e.g. when dealing with a more complicated pore space morphology, complex flows, or code
parallelization.

Over the last decade the lattice-Boltzmann (LB) methods [29-34] have achieved great
success as alternative and efficient numerical schemes in the simulation of a variety of transport
phenomena in porous media, with a particular emphasis on the dynamics of pressure-driven
fluid flow through complex materials [34—50]. Besides their flexibility and accuracy in dealing
with the confining geometry and actual boundary conditions LB methods are inherently parallel
and, thus, they are ideally suited for high-performance parallel computing. In contrast to the
more conventional numerical schemes based on a discretization of macroscopic continuum
equations, the LB method utilizes mesoscopic kinetic equations to recover the macroscopic
Navier—Stokes equation for fluid motion in the long-time, large-scale limit [34]. Further, early
systematic problems of LB methods like the existence of velocity-dependent pressures and
lack of a Galilean invariance are essentially resolved, and algorithms have been simplified by
the single relaxation time scheme of Bhatnagar et al. [51-53].

Only a few reports have been published so far in which LB simulations also consider
electrokinetic phenomena. Rather recently, the LB method has been implemented to model
high-Reynolds number pressure-driven flow in microfluidics, taking into account electroviscous
effects that can become important due to the finite thickness of electrical double layers com-
pared to typical channel sizes [54], and a reasonable agreement with published experimental
data on the friction factor—Reynolds number relation [55] was obtained. Further, in the work
by Nie et al. [56] an extension of the LB method was proposed based on a density-dependent
viscosity model and technique for imposing a slip-velocity at the wall. It was demonstrated
that this approach can capture fundamental characteristics of microchannel flow. Warren [57]
analysed electrokinetic transport in a parallel-sided slit with a constant electrical charge (or
potential) at this solid—liquid interface. The resulting one-dimensional problem was further re-
strained by assuming a thick electrical double layer compared to the width of the slit. While
this work addresses cases with significant double layer overlap encountered in ultrafine capil-
laries [58], for many situations with technological relevance, as for the electrokinetic transport
in open-channel microchip devices, a characteristic channel dimension normal to the local flow
direction becomes (much) larger than the typical thickness of electrical double layers at the
solid—liquid interface. It is this condition, in particular, that needs to be satisfied in order to
gain full potential of the EOF (compared to pressure-driven flow) with respect to dispersion
and permeability [59]. Further, most industrial and natural porous media are characterized by
random or hierarchically-structured, but relatively broad pore size distributions, contrasting
with the network of uniformly sized and shaped channels in microfluidic devices. In the gen-
eral case, bulk transport involves conditions for which the ratio of a local pore radius to the
electrical double layer thickness covers a spectrum from below unity up to several hundreds
[60]. The numerical approach that we present in this work can cope with any geometry and
possible surface heterogeneity and, thus, it will be particularly efficient in resolving details
of the flow field that govern transport and dispersion in a transient, as well as long-time
asymptotic regime.
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2. ELECTROKINETICS

2.1. Electroosmotic flow in a microfluidic channel

Figure 1 illustrates, at different length scales, the basic aspects of electroosmosis in a microflu-
idic channel with locally flat, smooth surface. When a dielectric solid (e.g. a fused-silica cap-
illary) is contacted with a liquid electrolyte (e.g. a dilute aqueous NaCl solution) an electrical
double layer (EDL) developes at the solid—liquid interface due to ionizable groups of the mate-
rial (dissociation of silanol groups in the above example: = Si—OH+H,0 < =Si—0~+H;0%)
or by ions adsorbing on its surface. The resulting negative charge density of the capillary
(channel) inner wall affects the distribution of hydrated sodium (counter)ions in the solution:
In immediate proximity to the surface there exists a layer of ions which are relatively strongly
fixed by electrostatic forces. It forms the inner or compact part of the fluid-side domain of
the EDL and its typical thickness is of the order of only one ion diameter (about 0.5 nm).
The outer Helmholtz plane (OHP, Figure 1(c)) separates inner and diffusive layers which,
together, constitute the EDL. While the ionic species in the diffusive layer undergo Brown-
ian motion, they are also influenced by the local electrostatic potential. At equilibrium their
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Figure 1. Tllustration of electrokinetically driven flow (electroosmosis) through a straight cylindrical
capillary with {<0: (a) Experimental set-up; (b) pore-scale velocity profile of electroosmotic flow
(EOF); and (c) distribution of electrical potential in the electrical double layer (EDL).
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accumulation in this region can be described by the Boltzmann equation. The spatial dimension
of the diffusive layer is typically between a few and hundred nanometers.

EOF sets in when an external electrical field (E.q=—V¢) is applied. It interacts with
the EDL field to create an electrokinetic body force on the liquid. Consequently, the bulk
of liquid is driven by viscous drag via the shear stresses concentrated in the relatively thin
EDL (compared to a capillary radius ». of micrometer dimension). The potential (/) at the
so-called shear plane separating mobile and immobile phases is the electrokinetic or zeta-
potential ({). For the case considered here (smooth surface, simple ions) { should be close
to, if not coincident with the diffusive double layer potential Youp (Figure 1(c)). The fluid
velocity rises from zero at the shear plane to a limiting value vn,x beyond the EDL where,
from a macroscopic point of view, the liquid seems to slip past the surface (Figure 1(b))

Vmax = ,ueoEext = —&&r <”ff> Eext (1 )

lleo denotes the electroosmotic mobility and 5y is the dynamic viscosity of the fluid. g, is the
permittivity of vacuum and &, the relative permittivity of the electrolyte solution. The minus
sign in Equation (1) means that vy, and E. are in the same direction when { is negative.
Without any externally applied pressure forces and uniform distribution of { along the channel
wall the liquid moves as in plug-flow as the gradient in iy beyond the EDL is negligible. The
thickness of the EDL is characterized by

&0&RT 112
p= (FZZAz.zcioo) 2)

where R is the gas constant, 7 the absolute temperature and F' Faraday’s constant, z; is the
valency of ionic species i and ¢; o its molar concentration in the electroneutral solution. Ap is
the Debye screening length and about 10nm for a 1073M 1:1 aqueous electrolyte solution. In
this case the EDL is much smaller than the radius of micrometer channels (r./Ap >100) and
the volumetric EOF rate is approximately given by O = vy.xA (Where 4 is the cross-sectional
area of a channel). However, as the channel diameter approaches submicrometer dimension
and/or as Ap increases the EDL cannot be considered as thin any longer (e.g. r./Ap~10)
and the plug-like velocity profile deteriorates towards a parabola, as known for Poiseuille
flow (r./Ap=2), with an accompanying increase in hydrodynamic dispersion evidenced by
Figure 2 [10,61].

2.2. General mathematical formulation

The velocity field of an incompressible Newtonian electrolyte solution in low-Reynolds number
flow through a microfluidic channel is governed by the Navier—Stokes equation

0
ps (6: +(V-V)v> =-Vp+nViv+1 (3)

where pr is the density of the fluid, v represents the divergence-free velocity field (V -v=0),
and p denotes hydrostatic pressure. The body force f is related to the volume density of
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Figure 2. Velocity profiles of EOF in an open-straight, cylindrical capillary for different values of

re/Ap obtained by solution of the momentum balance equation [61]. Externally applied electrical field
Eext =5%x10*Vm™!, {= —0.1V, & =80; liquid density and viscosity are 10°gm—> and 0.89gm~'s™!,

respectively (at 7=298.15K). The Debye screening length (4p) is 10 nm.

charge pq and the local electrical field (E=—-V®) by

N
f:pqE:—qu(I)ZZﬂ’li for lzl,,N (4)
i=1
where ¢, stands for the elementary charge, n; is the number concentration of ionic species 7 in
the N-component electrolyte solution, and ® denotes the local electrostatic potential governed
by the Poisson equation

P
Vip=-——1 5
v (5)
The flux density j; (the number of ions per unit area passing through the surface of a volume
element) is related to the local fluid velocity and gradients in ion density and electrical
potential by the Nernst—Planck equation

j< . (V _ quiDiV@

DU,
Tl )nz Vi, (6)

where D; is the mass diffusion coefficient and kg is the Boltzmann constant. Each ionic species
satisfies the following conservation:

on; .
WJFV'L'—O (7
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Together with appropriate initial and boundary conditions Equations (3)—(7) describe the
mass transport in systems with arbitrary geometry, distribution (and magnitude) of {, and
aspect ratio. It is important to note that we consider here (cf. Equations (4)—(6)), without
further simplification, the local electrostatic potential in the channel which, in general, includes
contributions from both the EDL and E.. Further, the presented description does not rely on
the Boltzmann distribution for electrical charges in the diffusive part of the EDL applicable
only at thermodynamic equilibrium. It would assume that this distribution remains undisturbed
by external convective influences which is justified only under certain limiting conditions,
e.g. at low Peclet number in channels of arbitrary geometry and for a uniform distribution
of { [13].

In this work we consider fully developed, steady, isothermal EOF in the microfluidic chan-
nel. It eliminates time derivatives in Equations (3) and (7), as well as the need for initial
conditions. Thus, we remain concerned with the following set of coupled equations:

N
pe(v-V)v=—Vp + neV2v — g VP Y zin; (8a)
i=1
vV -v=0 (8b)
N
Vid=—gq, > zini/eoe: (8c)
i=1
2 qeziD;
VVI’l,‘ — D,V n; — V- (n,V<1>):O (8d)
ks T

2.3. Boundary conditions

Because the length of a microfluidic channel is large compared to heterogeneities in the flow
field and species transport on any length (and associated time) scale we assume longitudinal
spatial periodicity [62]. Consequently, our description reduces to that of a representative unit
(Figure 3(a)) with periodic (outer) boundary conditions

[(®1=C  [lmll=0,  [[v[]=0 )

where C is a constant related to the conditions of an experiment (including pH, the elec-
trolyte concentration, Ecy, surface adsorption, or temperature) and [|...|] denotes the difference
between values of a function at opposite points lying on the corresponding unit boundaries.

The outer boundary conditions have to be complemented by inner boundary conditions
which define the values of the electrical potential (or charge), flow velocity and species num-
ber concentrations at the solid-liquid interface. The common no-slip and normal-zero-flux
conditions are recognized at this interface for the fluid flow velocity and number concentra-
tions, respectively

v=20 (10a)
v-ji=0 (10b)

where v is the outer normal to the solid-liquid interface. In turn, an electrical boundary
condition can be represented by either the surface charge density or zeta-potential. Since
these characteristics, in particular, depend on both the nature of contacting media and the local
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Figure 3. Discretization and approximation of the solution domain: (a) Capillary scale. Spatial

periodicity reduces the description to that of a representative unit with periodic boundary conditions;

(b) Solid-liquid interface. The solution domain is represented by a set of uniform cubic cells; and
(¢) Single L-cell. Entry and exit flux density components.

environment, e.g. the interfacial space morphology or the local pH, they can be considered, in
general, as spatially variable quantities. Thus, the electrical boundary conditions at the solid—
liquid interface can be imposed in two alternative ways: by given surface charge density (o)
or zeta-potential ({) distribution, respectively

_ o
V'V(D——a (lla)
or
P ={(r) (11b)

The former equation corresponds to the Neumann-type, the latter to the Dirichlet-type bound-
ary condition.

This presentation of inner boundary conditions assumes that the boundary values of all
quantities (flow velocity, species flux, surface charge density, zeta-potential) are related to
the same location. In fact, while the no-slip and normal-zero-flux conditions, as well as the
surface charge density are recognized directly at a solid-liquid interface, the zeta-potential is
defined with respect to the shear plane (Figure 1(c)). However, since this plane is located in
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immediate proximity (= 0.5nm) to the solid—liquid interface, it is assumed that these surfaces
coincide.

3. COMPUTATIONAL METHODS

3.1. General scheme

To solve the system of time-independent partial differential equations (Equations (8a)—(8d))
subject to inner and outer boundary conditions (Equations (9)—(11)) we implemented an
iterative scheme (Figure 4). At each iteration first the coupled Nernst-Planck and Poisson
equations (Equations (8c) and (8d)) were solved numerically. Then, the Navier—Stokes equa-
tion (Equation (8a)) together with the continuity equation (Equation (8b)) were solved. The
iterative solution had continued until convergence of the flow field was reached. As initial
guess we used zero flow field, as well as bulk number concentrations and the electrical poten-
tial distribution caused by the applied field. This contribution to the local electrical potential
is assumed to be point-wise constant during iterations.

Thus, the numerical scheme requires solution of Poisson, Nernst—Planck, and Navier—Stokes
equations (where the last problem is, by far, the more difficult computational task). While

Nernst-Planck <
equation

A 4

Poisson
equation

Navier-Stokes

) ®-convergence <
equation

tolerance

v-convergence <
tolerance

Yes

)

Figure 4. Flow-chart of the computational scheme employed for the PNP-LB (Poisson—Nernst—Planck
coupled with lattice-Boltzmann) simulations.
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we employed traditional finite-difference methods to resolve the first two problems, the lattice-
Boltzmann method has been applied for solution of the Navier—Stokes problem.

3.2. Geometry and discretization of the solution domain

A uniform mesh has been utilized for numerical solution of all of the above-mentioned prob-
lems. Thus, the solution domain can be represented by a set of equal cubic cells of size A
(Figure 3(b)). Cells were divided into two subsets, i.e. cells having their geometrical centre
in the liquid phase (L-cells) or in the solid phase (S-cells). During a simulation the electrical
potential, charge number concentration, and fluid velocity are determined at the centres of
only the L-cells. S-cells adjacent to L-cells are considered as interface cells and the actual
values of physical quantities at their centres are used as boundary values.

3.3. Numerical solution of the Poisson—Nernst—Planck problem

The finite-difference scheme for solution of the Nernst—Planck equation is based on the total
flux density in an L-cell. For steady-state the net flux is zero. This situation can be represented
by entry and exit components on each of the six cell surfaces (Figure 3(c))

Jetn It F T T T T I =0 (12)
where k, [, and m define the discrete co-ordinates of a cell. If an L-cell is not lying adjacent to
the interface each of the flux density components is expressed in terms of the flow velocity,

concentration, and electrical potential at the centre of a given and neighbouring points. For a
particular species, for example, we have

ar Ykt om T UG L Phest Lo it an+1,1,m — Nk, im
Jk,l,m - 2 2 - h

~ geZD iy im + nitm Perrm — Prctm
kT 2 h

(13)

If an L-cell is adjacent to the interface and the normal-zero-flux boundary condition is ap-
plied, the corresponding term in Equation (12) is eliminated. By assuming that interface and
boundary values lie on the border between L- and S-cells the distance //2 (instead of /)
should be used. This is consistent with the location of the no-slip wall in LB simulations
based on the bounce-back boundary condition [63]. By using similar expressions for the other
flux components, substituting into Equation (12), and solving the equation for ny;, one can
obtain an explicit expression for calculation of its updated value. It is determined by the
concentration values from a previous iteration, as well as with the flow velocity and electrical
potential values in a given and neighbouring cells. We used an SOR scheme to get a more
rapid convergence

ﬁk,l,m =Ny |,m + (1 - a))hk,l,m (14)

where 7, is updated number concentration at current iteration, 7, is the number con-
centration from previous iteration, and w is the relaxation parameter. Then, updated number
concentration values for each species in all cells are used for solution of the Poisson equation.
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Its finite-difference representation is

2 MkimZqe _ 2 ((I>k+1,l,m — Peim  Puim— (I)k—l,l,m>
€06r hivi2 + he—i hiy12 hi—1p
+ 2 ((I)k,l-H,m - q)k,l,m o q)k,l,m - cI)k,l—l,m)
higip + hi—ip hivi hi—ip
2 i) - ¢ 0] - ® _
" ( ko lmt ] kim  Prim kim 1) (15)
hm+1/2 + hm—l/Z hm+l/2 hm—l/Z

where, for example, /1), is the distance between the centres of cells (k+1,/,m) and (k, [, m);
the summation should be made over all ionic species. As for the Nernst—Planck equation, this
expression needs to be modified if the cell is adjacent to the interface, by replacing either
the corresponding distance & by #h/2 (Dirichlet boundary condition) or the corresponding
potential difference by 20/(hepe;) (Neumann boundary condition). By applying the traditional
Gauss—Seidel iterative procedure Equation (15) allows to obtain an explicit expression for
determination of the updated value of electrical potential which, in the case of the Dirichlet
boundary condition, can be written as,

e (i s i)
ST N\ e bt B2l

" > A mZqe n P12 @it tm + Piirs @hrm
2608, higrphie—12(Miyr 2 + hi—1)2

+

hi 2@ iiim + i Dp s im B 12®@h 11 + g2 Dt fom (16)
hiciphi—ip(hivap + hi—yy2) hms12hm—12(hmy12 + hn—172)

The calculations of the number concentration and electrical potential stop when the conver-
gence rate

Zk, /,m((bk, I,m *(I)k, l,m)2
~2
Zk, I,m @k,l,m

becomes less than the predefined value dpnp (PNP = Poisson—Nernst—Planck), which is typi-
cally set to 1076,

(17)

APNP =

3.4. The lattice-Boltzmann algorithm

The electrolyte solution as a statistical system can be described in terms of a distribution
function Z (r,u,t) defined such that # (r,u, ) dr du gives the number of fluid molecules which,
at time ¢, are located between r and (r+dr) and have velocities in a range from u to (u+du).
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Macroscopic quantities like the fluid density pr and the velocity v can be determined by
momentum integration of this distribution function

prr.0)= [ MpF () du (18)
and
1 V778
v(r,t):m/Mmu/(r,u,t)du (19)

where M., denotes molecular mass. The evolution of the distribution function can be described
by the following equation:

F (r+udt,u+ Ajdt,t+dr> drdu=7(r,u,t) + Q(F )drdudst (20)

where F is the acting external force and () denotes the collision operator. It is well known
that the macroscopic properties are not directly dependent on the details of the microscopic
behaviour, but are mainly defined through interactions between molecules expressed, for ex-
ample, by an appropriate collision operator. Thus, the transition toward a simplified dynamics
with discrete space, time and molecular velocities is feasible. The discrete analogy of Equation
(20) is

Fu(r + e, At t + At)=F(r,t) + Qu(F,) + AtE, (21)

where %, is the distribution function for the ath discrete velocity e, at position r and time ¢,
and At is the time step. In this work we are concerned with a modification of the LB approach,
the so-called lattice-BGK (Bhatnagar—Gross—Krook) model [34, 52], being characterized by the
discrete Boltzmann equation with a single-time relaxation collision operator

1
Fur + &ALt + A= F(x,0) + [ £ 1) = F(n,t) + AtF] (22)

where %, represents the equilibrium distribution function and 7 is a non-dimensional relax-

ation time. For the D309 lattice-BGK model [32] %, can be expressed by,

3 9 , 3
T = prwy 1+ge“'v+270§(e“.v) *Tcgv‘v (23)

where ¢ is the speed of sound and w, is a weighting factor depending on the length of the
vector e, given by [52]

1/3, oa=0 (rest particle)
wy,=< 1/18, a=1,2,...,6 (nearest neighbours) (24)
1/36, o=17,8,...,18 (next-nearest neighbours)

Incorporation of a body force term caused by the interaction of the EDL field with the
externally applied electrical field into the discrete Boltzmann equation was performed using
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the method described by Guo et al. [64]

1 €, —V €,V
E—(l—)w%[ 2 +( g )ex -F (25)

2t s 8

To satisfy the no-slip boundary condition for velocity at the solid—liquid interface, we em-
ployed the conventional bounce-back scheme, where momentum from an incoming particle is
bounced back in opposite direction when it hits the wall.

After each iteration the divergence rate

>k rmVeim —Veim)?

Zk, ILm {’i’ I,m

NS = (26)

is calculated and compared with a predefined value of dns (NS = Navier—Stokes). The simu-
lation stops when yns <Jns (typically 10~%) is satisfied.

Here, it should be noted that the overwhelming majority of real electrokinetic systems
operates in the low-Mach number limit which is a necessary condition for application of the
LB method. Typical EOF velocities are of the order of a few millimeters per second which
is much less than the speed of sound in liquid media.

4. RESULTS OF SIMULATIONS

4.1. Homogeneous equilibrium double layer

Although the presented model is capable of dealing with both arbitrary distribution of {
and geometrical configuration of the solid-liquid interface, we started to simulate EOF in
relatively simple systems for which either an analytical solution to the problem exists or the
results of other numerical simulations are available for comparison. Quantitative analysis of
computed fields of a physical quantity © (e.g. species number concentration or flow velocity
components) is based on the global relative error y defined with respect to some appropriate
reference value

Z(@ - Gref )2 27
e “
ref

"/:

In particular, for the lattice-Boltzmann EOF velocity field in a homogeneous capillary the
reference values may be obtained by numerical solution of the momentum balance equation
using the Runge—Kutta method.

To test the adequacy of the model for simulating electrical charge distributions in the
diffusive part of the EDL (cf. Figure 1(c)) we begin with an isolated, homogeneous solid—
liquid interface for which the typical dimension of surface roughness is smaller than the EDL
thickness, and simulate the ionic number concentration in the electrolyte in contact with this
surface by solving the Poisson and Nernst—Planck problems. At equilibrium, without concen-
tration gradients and any externally applied field, the electrical potential distribution can be
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obtained from the Poisson—-Boltzmann equation

2 ge & qeziy
e _ 4=y 2
Vo= 2 il OXP ( P ) (28)
where the local concentration is determined by the Boltzmann distribution
1 = i, 00 XD (— quT‘p ) (29)

The analytical solution of Equation (28) (the starting point of the Gouy—Chapman description
[65] of the diffusive EDL) for a charged, flat surface, a symmetrical 1:1 electrolyte such as

NaCl (z; = —z; =z), and an arbitrary magnitude, but uniform distribution of the zeta-potential
() is [66]
—x/Ap quC
2y, |1 TET tanh <4kBT>
Y(x)= In (30)
9z 1 — e=/*0 tanh gezC
4kgT

where x is the distance from the surface. For values of { low enough (below ca. 25 mV)
Equation (30) reduces to the so-called Debye—Hiickel equation, y(x)={e~*/*. Results for the
distribution of net electrical charge density based on the analytical solution (Equations (29)
and (30)) and the numerical treatment outlined in Section 3.3 are shown in Figure 5. Because
Ap appears as characteristic decay length for the potential, we analysed the global relative error
in dependence of the grid resolution with respect to Ap (see inset). As electrolyte we consid-
ered an aqueous solution of NaCl at 298.15 K with concentration (9.43 x 10~* M) adjusted

x 10
¢
£
O,
>
‘@
C
o)
ke
)
o
©
<
] 1 2 3 4 5 6
% A/h
0 2 4 6 8 10

Distance from interface, x/kD

Figure 5. Distribution of net electrical charge in the EDL at a flat solid—liquid interface (the open circles
are the results of the numerical solution, solid line: analytical solution) and dependence of the global
relative error (.q) on the grid resolution with respect to the double layer thickness (inset).

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 46:507-532



NUMERICAL SIMULATION OF ELECTROOSMOTIC FLOW 521

such that /p is 10nm (Equation (2)), while the surface is characterized by {=—100mV. One
conclusion to be drawn from Figure 5 is that the net charge density (cd) away from a charged
surface can be computed with global relative errors (y.q4) better than 2% for a grid resolution
Ap/h of 1 and higher (y.q =0.59% for Ap/h=30) by using the Poisson—Nernst—Planck solver
described above (in Section 3.3). It is further evident that after a distance of about 5/p
from the surface the solution is practically electroneutral. Recalling that this distance is about
50 nm under the present set of conditions, it is only a thin liquid layer close to the interface
that becomes locally charged, in general, when considering electrolytes confined by pores of
micrometer dimension.

4.2. Straight, homogeneous cylindrical capillary

As a next step, we simulated EOF in a straight, homogeneous cylindrical capillary. The spatial
homogeneity of this system alleviates the use of an iterative procedure for obtaining the steady-
state velocity field. lonic number concentrations are not disturbed by forced convection. Thus,
the Poisson—Nernst—Planck solver and LB-code are run only once. Because there is no general
analytical solution available for the EOF problem in a cylindrical capillary, the simulated
velocity field was compared with one obtained by numerical solution of the one-dimensional
momentum balance equation [61]

2
v, | 1do, _2Eem%'%osinh<%‘ﬁ>

a2 T rdr kgT

€19)

The solution of this equation provides the radial distribution of axial EOF velocities in the
cylindrical capillary. Equation (31) was solved with a very fine resolution (2 x 10° points per
channel diameter). Further, the use of different capillary radii allowed to realize aspect ratios
r./Ap from 10 to 100. Figure 6 compares velocity profiles obtained by both procedures. As
was already emanating from Figure 5, an applied electrical field will be interacting with the
electrolyte solution only in the EDL where the liquid has acquired a net charge. Thus, the
driving force for EOF is not constant over the capillary diameter: it dominates in vicinity
of the capillary wall, but soon becomes zero in the central region of the capillary lumen.
There, motion of bulk liquid is caused by a viscous drag force leading to the plug-like
velocity distribution beyond the slipping plane (Figure 1(b)). The dependence of the global
relative error .+ of the axial component in a velocity field (vf) on the spatial resolution
with respect to the capillary radius is demonstrated in Figure 7 for various aspect ratios. It
should be mentioned that the error associated with the spatial resolution manifests itself in
an inaccuracy of both the calculated electrical charge distribution (which, in turn, is affected
by the simulated electrical potential distribution) and velocity field. This can explain why the
total error y,r does not exhibit the squared dependence on grid resolution which is inherent
individually in the finite-difference and LB methods. Nevertheless, one can achieve higher
accuracy by grid refinement, e.g. the use of 100 grid points over a capillary radius r. resulted
in ¢ of less than 6% (for all aspect ratios). On the other hand, the computational time grows
with the third power of the spatial resolution.

The complete simulation of EOF in a cylindrical capillary (for r./h=50) took about 15
CPU minutes per cross-sectional layer for one computer node. In general, simulations were
performed on a Hewlett-Packard Superdome at the Otto-von-Guericke-Universitit Magdeburg,
Germany.
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Figure 6. EOF velocity field in an open-straight, cylindrical capillary with homogeneous and smooth
surface: solution of the momentum balance equation (top) vs the PNP-LB approach (bottom) for:
(a) re/2p=10; and (b) rc/Ap =100. The same conditions as in Figure 2 have been used.

4.3. Straight cylindrical capillaries with axial and angular inhomogeneities in electrokinetic
potential

Then, we modelled EOF in cylindrical capillaries with a destinated axial and angular dis-
tribution of the zeta-potential (Figure 8). This configuration can be considered as simplified
approach for dealing with a heterogeneous surface charge distribution in porous media under
more general conditions. In fact, the spatial scale of locally varying electrical potential is often
significant with respect to the thickness of the EDL, and it can have a number of reasons.
For example, it can already be introduced by the inherent manufacturing process of a mate-
rial, specific ageing, the storage conditions, chemical reactions, or the eventually irreversible
adsorption of molecular or colloidal species on the surface, with a concomitant change of
local roughness and electrokinetic properties [61,67—73]. Consequently, the favourable, i.e.
plug-like EOF velocity profile becomes disturbed by induced pressure gradients resulting from
an axial variation of the surface charge at the inner wall of a microfluidic channel [71-74].
In turn, this necessarily leads to additional hydrodynamic dispersion. The problem becomes
especially severe for the transport of sample mixtures containing large biomolecules such as
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Figure 7. Global relative error of a simulated velocity field (yy¢) relative to the solution of the momentum
balance equation: accuracy of the followed PNP-LB approach depending on the spatial resolution with
respect to a capillary radius at various aspect ratios (r¢/Ap).
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Figure 8. Inhomogeneous charge distributions (discrete patterns) at the inner wall of the cylindrical
capillary: (a) Surface charge pattern 1 (P1): Step changes of { in the axial direction, angular uniformity;
and (b) P2: Step changes of { in the angular direction, axial uniformity.

proteins, peptides or DNA [75] which are charged and, thus, can interact strongly with the
often oppositely charged surface through hydrophobic and electrostatic mechanisms. As their
adsorption progresses in time, it continues to cause unreproducible local, as well as average
EOF velocities and a significant loss of resolution in the separation of individual compo-
nents due to increased axial dispersion and a strong tailing in the residence-time distributions
characterized by non-Gaussian shape.

In general, local variations in electrical potential produce a non-uniform electrokinetic driv-
ing force that requires local (positive or negative) pore pressure for compensating the asso-
ciated momentum in an incompressible fluid [71-74]. Unfortunately, the actual spatial and
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Figure 9. Local flow profiles in the capillary with surface charge pattern P1 (cf. Figure 8(a)).

Velocity distributions in the central cross-section of each segment: (a) segment 4 ({=—-100mV); and

(b) segment B ({(=0mV ). The Debye screening length (4p) is 10 nm and re/Ap=100; Eexe =5 x 10* Vm ™!,
liquid density and viscosity are 10® gm~> and 0.89 gm™' s™!, respectively, & =80, I'=298.15K.

temporal distribution of electrical potential in a real porous medium usually is unknown
making it difficult to study on a quantitative basis. On the other hand, this effect may be tai-
lored, e.g. for enhanced microfluidic mixing, by employing surfaces with a patterned charge
distribution [27,76]. For example, Stroock et al. [76] studied EOF driven by two patterned
geometries in rectangular microchannels in the limit of a thin EDL. They considered variations
of surface charge both parallel and perpendicular to the applied electrical field: While a recir-
culating flow develops in the former case, multidirectional flow along the field and channel
axis results in the latter [76]. Because these types of pattern act as a basis from which more
general three-dimensional flows may be constructed and the fluid mechanical consequences
of (non)intended surface charge distributions in microfluidic environments be evaluated [77],
we treated similar zeta-potential distributions in cylindrical capillaries (Figure 8). The first
pattern (P1) consists of cylindrical segments with spatially constant non-zero and zero zeta-
potential, alternating in the axial direction and having the length /=2r.. The second pattern
(P2) contains half-cylinders with zeta-potentials of opposite sign, but identical magnitude. The
EOF simulations were carried out with a computational resolution of r./A=100 (Ap/h=2).
Characteristic local velocity distributions for steady, fully-developed flow resulting when an
external electrical field is superimposed on the EDL field in a general electrolyte solution in
contact with surface patterns P1 and P2 are shown in Figures 9 and 10, respectively.

The EOF in capillaries with heterogeneous distribution of surface charge (or value of ()
has been the topic of several previous studies. Anderson and Idol [67] have developed an
infinite-series analytical solution for EOF through a cylindrical capillary with zeta-potential
varying periodically and solely in the axial direction. Using a similar approach Long et al. [74]
obtained an explicit solution for specific surface charge defects. Herr et al [71] considered
the EOF in a cylindrical capillary with step-change in { in the axial direction and obtained
good agreement with their experimental data. Potocek et al [68] and Ren and Li [61] have
numerically studied velocity distributions for EOF in circular microchannels for various non-
uniform distributions of {. More recently, Gleeson [78] developed an analytical solution for
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Welocity [mm/s]

Figure 10. Simulated axial velocity distribution in a cross-section of the open cylindrical
capillary with surface charge pattern P2 (cf. Figure 8(b)) for r./Ap =100 (r. =1 um) and
the same conditions as in Figure 9.

the EOF problem in a cylindrical capillary with random zeta-potential distribution. It should
be noted that all of the above-mentioned studies were dealing with an axisymmetrical hetero-
geneity only. Moreover, but except for the work of Ren and Li [61], they assumed a small
EDL thickness which allowed to replace the no-slip boundary condition for the velocity at the
solid-liquid interface by the Helmholtz—Smoluchowski apparent-slip velocity (Equation (1))
and simplify the analytical solution. Ghosal [72] presented a theory for EOF in channels of
arbitrary cross-sectional geometry and distribution of { in the lubrication-limit where all axial
variations exist on length scales that are large with respect to a characteristic microchannel
width, but the assumption of a thin EDL also has been involved in that theory. Thus, reference
values for a quantitative analysis of the accuracy with which LB flow fields were computed
can be obtained only on the basis of this approximation. It should be pointed out that the
slip boundary condition eliminates a fluid region close to the surface where the velocity rises
from zero to the bulk value at the slipping plane. Since the thickness of this region does not
depend on the channel geometry, the relative contribution of that simplification to the total
error decreases with increasing channel diameter (or characteristic transverse dimension).
For a thin EDL the relation between local flow velocity and radial position in capillary

segments 4 or B of P1 (Figure 8(a)) can be expressed by [71]
806 Eex 72
2 : Z.-’seg + 2(Cav - Cseg) (1 ):| (32)

)
rC

Useg(r) =

where (,, is the average value of { at the capillary inner wall (for P1 {,, =—50mV) and
r. denotes the capillary radius (the subscript ‘seg’ refers to {=0mV or {=-100 mV, re-
spectively). The velocity profiles calculated by using Equation (32) and compared to those
obtained from simulated LB flow fields are shown in Figure 11. The low-velocity region close
to the capillary wall in the computed flow field reduces average velocity relative to the value
defined by integration of Equation (32) along the radial direction. However, as mentioned
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Figure 11. Capillary with pattern P1. Comparison of the simulated intrasegmental velocity profiles with
the analytical solution [71]: (a) Central cross-section of segment 4 ({=—100 mV); and (b) central
cross-section of segment B ({=0mV).

above, the discrepancy decreases with an increasing aspect ratio, e.g. the difference between
simulated and calculated mean velocities for r./4p =100 is only 0.45%, while it is 9.7% for
re/Ap =20 and 16.7% for r./Ap = 10.

In contrast to the discrete axial heterogeneity of P1, the second pattern (Figure 8(b))
is characterized by an azimuthal inhomogeneity. The velocity field for P2 can be obtained
in the lubrication limit [72] by numerical solution of the boundary-value problem in polar
co-ordinates for an effective potential &(p,0) (p and 6 are radial and azimuthal co-ordinates)

10 ( ag>+ 1%, S(re, Dlo<o<n=—C 3)

R, p— 5 A~ — U,
pop \' Op 02 00? E(re, D)nco<m=C
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The flow velocity then can be determined from Equation (1) by replacing the local electrical
potential { by the effective potential £, and a solution of this problem (Equation (33)) may
be obtained via the following expansion [72]:

&=~ = 3 [y exp(im0) + £, exp(~im0)]o" (34)
where fm (m=0,1,...,00) is the complex Fourier transform
2n
2= [ 0y exp(—imb)do (35)
2n J,

It should be pointed out that a quantitative evaluation of the differences between the two
discrete velocity fields obtained (i) by numerical solution of this problem (Equations (33)—
(35)) and (ii) from computer simulation becomes difficult due to the different co-ordinate sys-
tems. While the numerical solution requires the utilization of the polar or, at least, cylindrical
system, the PNP-LB computer simulations are realized in the cartesian co-ordinate system.
As a result, we have two sets of points corresponding to the polar mesh and rectangular grid.

Therefore, we analysed the two velocity fields by using some of their characteristic prop-
erties. It is obvious that, due to the antisymmetry of the zeta-potential distribution in P2
with respect to a centre plane passing through the wall points where the sign of { changes,
the velocity distribution should possess a similar antisymmetry and any net volumetric flow
through the capillary should vanish. Indeed, the simulated velocity field demonstrates such
‘self-compensation’ (Figure 10) by a deviation of the average velocity from zero of less
than 107%% as compared to the average velocity in the capillary with uniform zeta-potential
({=-100mV).

The velocity profiles in the plane [6 = 7/2,37/2], which is perpendicular to the antisymmetry
plane, obtained by solution of the problem in Equations (33)—(35) and by computer simula-
tion are shown in Figure 12. Since electromotive forces are effective only in a small region

4

— Numerical solution (Egs. 33-35)
O PNP-LB solution

N

Velocity [mm/s]
o

)
2
2
20 8

—1 -0.5 0 0.5 1
Radial position, r/rc

Figure 12. Comparison of velocity distributions in the plane [0 =n/2,3n/2] for the capillary
with surface charge pattern P2.
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Figure 13. Velocity profile in a cross-section of the open cylindrical capillary (. =1 um)
with surface charge pattern P2 according to the approach of Ghosal [72]. The same
conditions as in Figures 9 and 10 have been used.

close to the wall of the capillary, actual differences in the velocity profiles should be ex-
plainable by the respective velocity boundary conditions. While the slip-condition assumes a
discontinuous change of velocity at points where { changes its sign (Figure 13) our simulated
flow field (Figure 10) here demonstrates a more realistic, smooth transition. As already shown
for the surface charge pattern P1, the global relative error in the flow field associated with the
no-slip violation soon becomes significant as the aspect ratio r./Ap is reduced below 50. In
this region (r./Ap <100) the slip-condition should be used with care concerning a numerical
investigation of the EOF and resulting hydrodynamic dispersion. Consequently, this approxi-
mation does not appear useful in simulating flow through complex porous media with broad
range of aspect ratios (1= r./Ap>>1), and the more general approach described in this work
could be followed.

5. CONCLUSIONS AND OUTLOOK

We have presented a numerical method for three-dimensional simulation of EOF in microflu-
idic channels and devices. It is applicable to structures with arbitrary pore space morphology
(including their geometry, as well as topology) and an arbitrary distribution of the electroki-
netic potential at the solid—liquid interface. This also covers the existence of random pore-size
distributions and, as a consequence, the possibility of finding any range of aspect ratios in
a particular medium. Coupled hydrodynamic, electrostatic, and mass transport problems were
solved. In this work, the hydrodynamic problem has been treated with the lattice-Boltzmann
method. Straight capillaries were chosen as model systems due to the possibility of com-
paring simulated data with the analytical solution and results of other numerical simulations
for simple system configurations, in the effort to present a basis for efficient modelling of
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electrokinetic phenomena in more complex porous media. Good agreement was obtained for
different benchmark cases.

It should be mentioned that, in general, a further increase in the numerical accuracy of
the presented approach can be achieved without additional cost of computational time by
an implementation of multiscale schemes, e.g. with locally embedded grids in which the
lattice spacing is refined (or coarsened) locally. This approach allows to analyse the flow
problem with a finer spatial resolution in regions characterized by larger velocity gradients
and define more accurately curved interfaces [79—82]. However, EOF regions which require
the imposition of finer computational grids cannot always be recognized a priori [83], and
further work is needed for devising criteria to detect such regions of interest under a given
set of conditions.

A low-Reynolds number EOF dynamics on micrometer scale is not only encountered in
open-channel structures of microchip devices, but also in the voids of microscopically dis-
ordered media like random particulate packings or monoliths [59]. For example, in capillary
electrochromatography, as for most microchip applications, EOF is employed for achieving
significantly less dispersive transport (compared to pressure-driven flow) of complex mixtures
of (bio)molecular species which are separated on the high-surface area materials to become
identified afterwards, preferably by on-line detection, e.g. via mass spectrometry. Our numeri-
cal approach based on the lattice-Boltzmann flow field under most general conditions can cope
with any geometry and surface heterogeneity, and it will be particularly efficient in resolving
details of the flow field which govern mass transport and dispersion in a transient, as well as
long-time asymptotic regime. For more complex porous media and flow patterns the presented
approach can contribute to a derivation of scaling laws for the EOF, involving parameters
such as the Reynolds and Peclet numbers, mass diffusivity, morphology of the medium, or
electrical double layer thickness. However, this also stimulates further investigation of dou-
ble layer resolution effects and limits when employing a slip-velocity boundary condition, in
particular with respect to the characteristic lengths in a porous medium, e.g. the sphere or
intraparticle pore diameter in fixed beds of porous spherical particles, continuously changing
channel dimensions and a varying shape, or the spatio-temporal heterogeneity of local surface
charge distributions.
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